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a b s t r a c t
We show that the action of the group G on each level of the
rooted binary tree T2 is 2-point homogeneous, giving rise to
symmetric Gelfand pairs. The corresponding decomposition into
irreducible G-submodules and the associated spherical functions
are described.
© 2012 Elsevier Ltd. All rights reserved.
1. Groups acting on trees
Let T2 be the rooted binary tree and denote by Ln the nth level of T2, whose elements are identified
with the set {0, 1}n. The set Ln can be endowed with an ultrametric distance d, defined as follows. Let
x = x1 . . . xn and y = y1 . . . yn be in Ln. Then we put
d(x, y) =

n−max{i ≥ 1 : xk = yk, ∀ k ≤ i} if x1 = y1,
n otherwise.
In other words, d(x, y) is the distance from x and y of the most recent common ancestor. Note also
that d = d′/2, where d′ denotes the usual geodesic distance on T2. In this way (Ln, d) becomes
an ultrametric space (and so a metric space) on which the full automorphism group Aut(T2) acts
isometrically. Note that the diameter of (Ln, d) is n.
Given an automorphism group G ≤ Aut(T2), the stabilizer of a vertex x of T2 is the subgroup of
G defined as StabG(x) = {g ∈ G : g(x) = x} and the stabilizer of the nth level is StabG(Ln) =
x∈Ln StabG(x). Observe that StabG(Ln) is a normal subgroup of G of finite index, for all n ≥ 1. In
particular, an automorphism g ∈ StabG(L1) can be identified with the pair (g|0, g|1), describing the
action of g on the subtrees of T2 rooted at the vertices 0 and 1 of L1. Hence, we get the embedding
ϕ : StabG(L1) −→ Aut(T2)× Aut(T2)
E-mail addresses: dangeli@uniandes.edu.co (D. D’Angeli), donno@mat.uniroma1.it, alfredo.donno@sbai.uniroma1.it
(A. Donno).
1 Tel.: +39 06 49913260; fax: +39 06 44701007.
0195-6698/$ – see front matter© 2012 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ejc.2012.03.007
D. D’Angeli, A. Donno / European Journal of Combinatorics 33 (2012) 1422–1426 1423
defined by ϕ(g) = (g|0, g|1). Observe that, if the group G is self-similar, then (g|0, g|1) ∈ G × G.
A self-similar group G is self-replicating (or recurrent) if it acts transitively on L1 and the map g → g|i
from StabG(i) to G is surjective, for each i ∈ {0, 1}.
Moreover, for every vertex x of T2, the rigid vertex stabilizer RistG(x) is the subgroup of StabG(x)
consisting of the automorphisms acting trivially out of the subtree rooted at x. The rigid stabilizer of
the nth level is defined as RistG(Ln) = x∈Ln RistG(x). In contrast with the level stabilizers, the rigid
level stabilizers may have infinite index and may even be trivial. We observe that if the action of G on
T2 is level-transitive, then the subgroups StabG(x), x ∈ Ln, are all conjugate, as well as the subgroups
RistG(x), for x ∈ Ln.
A level-transitive self-replicating group G is regular weakly branch [1] over K if there exists a
subgroup K ≠ {e} in G, with K ≤ StabG(L1), such that ϕ(K) > K × K . In particular, G is regular
branch over K if it is regular weakly branch over K and indices of K in G and of K×K in ϕ(K) are finite.
Finally, G is said to be weakly branch if RistG(x) ≠ {e}, for every vertex x of T2 (this automatically
implies |RistG(x)| = ∞ for every x). In particular, G is branch if [G : RistG(Ln)] <∞ for every n ≥ 1.
2. Gelfand pairs associated with groups acting on rooted trees
We present here some basic elements of the theory of finite Gelfand pairs (see [4,5,3]). For any
finite set V , let L(V ) = {f : V → C} be the space of all complex valued functions on V . In particular, if
G is a finite group, the space L(G) becomes an algebra when it is endowed with the usual convolution
product defined by
[f1 ∗ f2](g) =

h∈G
f1(gh)f2(h−1),
for every f1, f2 ∈ L(G) and g ∈ G. Now let K ≤ G and denote by X = G/K = {gK : g ∈ G}
the associated homogeneous space. Then (G, K) is a Gelfand pair if the algebra L(K \ G/K) = {f ∈
L(G) : f (k1gk2) = f (g) ∀k1, k2 ∈ K ,∀g ∈ G} of bi-K -invariant functions on G is commutative
with respect to the convolution product. The group G acts on L(X) as (g · f )(x) = f (g−1x), for every
x ∈ X . It is known that (G, K) is a Gelfand pair if and only if the decomposition of the space L(X) into
irreducibleG-submodules under the action ofG is multiplicity-free, i.e., each irreducibleG-submodule
occurs with multiplicity 1.
A particular example of a Gelfand pair is given by the symmetric Gelfand pairs [5]: for every g ∈ G,
one has g−1 ∈ KgK . This is the case if G acts on a finite metric space (X, d) isometrically and with a
2-point homogeneous action, i.e., in such away that, for all x, y, x′, y′ ∈ X such that d(x, y) = d(x′, y′),
there exists g ∈ G such that
g(x) = x′ and g(y) = y′. (1)
If (G, K) is a Gelfand pair and L(X) = Ni=0 Vi is a decomposition of L(X) into irreducible
G-submodules, then for each i = 0, 1, . . . ,N there exists a unique (up to normalization) bi-K -
invariant function φi whose G-translates generate the submodules Vi’s. In particular, we will require
that these functions take value exactly 1 on the element x ∈ X stabilized by K . The functions
φi, i = 0, 1, . . . ,N are called spherical functions.
For example, the function φ0 ≡ 1 is a spherical function: indeed, the trivial representation always
occurs in the decomposition of the space L(X) into irreducible G-submodules.
Lemma 1 ([4]). Let G, K and X = G/K be as above. Suppose we have a decomposition L(X) =ht=0 Zt
into G-submodules, with the property that the number of K-orbits on X is exactly h + 1. Then the
submodules Zt ’s are irreducible and (G, K) is a Gelfand pair.
Now let G ≤ Aut(T2) act transitively on each level of T2 and put
Gn = G/StabG(Ln).
Consider the action of Gn on Ln. Fix a vertex x ∈ Ln and put Kn = StabGn(x). We can apply the theory
of finite Gelfand pairs to the pair (Gn, Kn), for all n ≥ 1.
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Note that in this case X = Gn/Kn ∼= Ln. The study of Gelfand pairs for the full automorphism
group of a rooted tree has been developed in [2,5]. In [6], Gelfand pairs associated with the following
examples of self-similar groups have been studied: the Basilica group, the iteratedmonodromy group
IMG(z2 + i) and the Hanoi Towers group H(3). In each case, the strategy consists in showing that the
action of the group on each level of the tree is 2-point homogeneous. (See also [7], where the Gelfand
pairs associated with the Baumslag–Solitar group, regarded as a self-similar group acting on T2, are
studied). We state here the result about the group Aut(T2) (the proof is given in [6] in a more general
setting). Observe that Theorem 1 can also be deduced from Theorem 3, as G is a subgroup of Aut(T2).
Put, as usual,
Aut(T2)n = Aut(T2)/StabAut(T2)(Ln).
Theorem 1. The action of Aut(T2)n on (Ln, d) is 2-point homogeneous.
The decomposition of the space L(Ln) under the action of Aut(T2)n is known. Denote by W0 ∼= C
the trivial representation and, for every j = 1, . . . , n, define the subspace
Wj = {f ∈ L(Ln) : f = f (x1, . . . , xj), f (x1, x2, . . . , xj−1, 0)+ f (x1, x2, . . . , xj−1, 1) ≡ 0}
of dimension 2j−1. One can verify that the Wj’s are Aut(T2)n-invariant, pairwise orthogonal and that
the following decomposition holds:
L(Ln) =
n
j=0
Wj.
Since there are exactly n+1 spheres centered at x = 0n (which coincide with the Kn-orbits), it follows
from Lemma 1 that the subspaces Wj’s are Aut(T2)n-irreducible. There exists a complete description
of the corresponding spherical functions. For every j = 0, . . . , n, one has:
φj(x) =
1 if d(x, x) < n− j+ 1
−1 if d(x, x) = n− j+ 1
0 if d(x, x) > n− j+ 1.
The following lemmawill be useful in the next section. The proof can be found in [6] and is given here
for the completeness.
Lemma 2. The action of Gn on Ln is 2-point homogeneous if and only if Kn acts transitively on each sphere
of Ln centered at x.
Proof. Suppose that Kn acts transitively on each sphere of Ln and take the elements x, y, x′ and y′ such
that d(x, y) = d(x′, y′). Since the action of Gn is transitive, there exists an automorphism g ∈ Gn such
that g(x) = x′. Now d(x′, g(y)) = d(x′, y′) and so g(y) and y′ are in the same sphere of center x′ and
radius d(x′, y′). ButKn is conjugatewith StabGn(x′) and so there exists an automorphism g ′ ∈ StabGn(x′)
carrying g(y) to y′. The composition of g and g ′ is the required automorphism as in (1).
Suppose now that the action of Gn on Ln is 2-point homogeneous and take two elements x and y
in the sphere of center x and radius i. Then d(x, x) = d(x, y) = i. So there exists an automorphism
g ∈ StabGn(x) such that g(x) = y. This completes the proof. 
In particular, it follows from Lemma 2 that, if the action of Gn is 2-point homogeneous on Ln, then
the Kn-orbits are exactly the spheres centered at xwith radius r , for r = 0, 1, . . . , n.
3. Gelfand pairs associated with the group G
In the rest of this appendix, G is the self-similar group introduced in the main paper, whose
generators are
a = (e, a)σ b = (b, a).
It is easy to verify that G is self-replicating. To show that, it suffices to consider the elements
b = (b, a) ba = (a, b).
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For the explicit computations, it can be useful to consider the following conjugacy formula: if g =
(g0, g1) ∈ StabG(L1), then ga = (ga1 , g0).
Proposition 2. The group G is regular weakly branch over its commutator subgroup G′, i.e.,
G′ ≥ G′ × G′.
Proof. Consider the elements [b, a2]. We have
[b, a2] = (b−1, a−1)(a−1, a−1)(b, a)(a, a) = (b−1a−1ba, e) = ([b, a], e).
Since [b, a] ≠ e, we have [b, a2] ≠ e and so the commutator subgroup G′ is nontrivial. Hence, we get
G′ ≥ ⟨[b, a2]⟩G ≥ ⟨[b, a]⟩G × {e} = G′ × {e}.
Also we have G′ ≥ (G′ × {e})a = {e} × G′ and this completes the proof. 
Since the group G is self-replicating, it follows from Proposition 2 that G is weakly branch,
i.e., |RistG(Ln)| = ∞ for all n ≥ 1.
Theorem 3. The action of G on Ln is 2-point homogeneous, for all n ≥ 1.
Proof. Let Gn = G/StabG(Ln) and let Kn = StabGn(0n). By Lemma 2, it suffices to show that the action
of Kn is transitive on each sphere centered at 0n. Denote by uj the vertex 0j−11, for every j = 1, . . . , n.
Observe that b = (b, a) ∈ Kn, for each n. Moreover, since the group is self-replicating, it is possible to
find an element gj ∈ Kn such that the restriction gj|0j−1 is the automorphism b. In particular, the action
of this automorphism on the subtree rooted at uj corresponds to the action of the automorphism a on
T2. We can regard this action as the action of Kn on the spheres of center 0n, and so we get that Kn acts
transitively on these spheres.
We can give an alternative proof. Indeed, observe that if a self-replicating group G acts transitively
on L1 and it has the property that its subgroups RistG(0) and RistG(1) are spherically transitive, then
its action is 2-point homogeneous (the same strategy is used in the proof of Theorem 1).
We can show that G satisfies the property that the rigid stabilizers of the vertices of the first level
of T2 act spherically transitively on the corresponding subtrees. Since they are isomorphic, it suffices
to prove the assertion for RistG(0). Consider the elements
a−2b = (a−1b, e) and [a2, b] = ([a, b], e).
We have a−2b, [a2, b] ∈ RistG(0) and so it suffices to show that the action of H = ⟨a−1b, [a, b]⟩ on
T2 is spherically transitive. Since the transitivity of the action of H on the first level is obvious, we
need to prove that H is self-replicating. By some standard computations one constructs the following
elements belonging to H:
• [a, b] = (a−1b, b−1a) and [b, a] = [a, b]−1 = (b−1a, a−1b);
and by using the identities (a−1b)2 = (b, b) and (a−1b)2[a, b] = (ba−1b, a) one gets
• [[a, b], (a−1b)2] = ([a−1, b]b, [a, b]);
• [[b, a], (a−1b)2] = ([a, b], [a−1, b]b).
This shows that H is self-replicating. 
Corollary 4. For every n ≥ 1, (Gn, Kn) is a symmetric Gelfand pair and the homogeneous space L(Ln)
admits the same decomposition into irreducible Gn-submodules and the same spherical functions as in the
case of the group Aut(T2)n.
Proof. It follows directly from Lemma 1. The number of Kn-orbits exactly equals the number of the
irreducible submodules occurring in the decomposition of L(Ln) under the action of Aut(T2)n. Since
the submodulesWj’s described above are n + 1 as the Kn-orbits, the action of Gn on L(Ln) admits the
same decomposition into irreducible Gn-submodules and the same spherical functions as in the case
of the group Aut(T2)n. 
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